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1 Introduction. 



>. 

In this paper I generalize the non linear stability theorem obtained in col- 
q | laboration with V. Moncrief (CB-M1, CB-M2) for vacuum Einsteinian 4 - 

' manifolds (V/ 4 -* (?) where V = M x i? with M a circle bundle over a com- 

^ ■ pact, orientable surface £ of genus greater than 1. The Lorentzian metric 

admits a Killing symmetry along the (spacelike) circular fibers. I remove 
"q j the so-called polarization condition, i.e. the orthogonality of the fibers to 

quotient 3-manifolds. The reduced field equations take now the form of a 
^jy wave map equation, instead of a linear wave equation in the polarized case, 

coupled to 2+1 gravity. I use results on wave maps from curved manifolds 
obtained in CB1, CB2. Like in CB-M2 we do not restrict the conformal ge- 
ometry of £ to avoid those regions of Teichmuller space for which the lowest 
positive eigenvalues of the scalar Laplacian lie, in our normalization, in the 
gap (0, -]. A consequence is that the asymptotic behaviour of the wave map 
field does not exhibit a universal rate of decay but instead develops a decay 
rate which depends upon the asymptotic values of the lowest eigenvalue. 

Under the Kaluza-Klein reduction which one carries out in the presence 
of the assumed spacelike Killing field one is first led to field equations of the 
type of an Einstein - Maxwell - Jordan system on the 3 - manifold Exi?. To 
transform this to a more convenient Einstein - wave map system one needs a 
further topological restriction on the fields allowed. The need for this arises 
from considering the constraint equation for the effective 2+1 dimensional 
electric type field density e = e a -£^ which reads e a a = 0. On a higher genus 
surface £ the general solution of this equation (which results from a Hodge 



1 



decomposition of one - forms on E) takes the form e a = e ab (uj,b +hj ) ) where 
hbdx b is a harmonic one - form on E. A consistent simplification results from 
setting this harmonic contribution to zero so that e a -£^ becomes express- 
ible purely in terms of the so - called twist potential uj. Taken together with 
the norm of the (U(l) generating) Killing field Y, conveniently expessed via 
Y.Y = e 27 , the twist potential u> and the function 7 provide a map from 
E x R to R 2 . When expressed in terms of the pair (7, a;) Einstein's equations 
take the form of a wave map from a 2+1 Lorentzian manifold (E x g) 
into the Poincare plane with its standard metric 2d r y 2 + |e~ 47 <iu; 2 ; the metric 
satisfies the 2+1 Einstein equations on E x R, with source the wave map. 
These 2+1 Einstein equations, supplemented by suitable coordinate condi- 
tions to fix the gauge, reduce to an elliptic system on each slice E t of E x R 
for the lapse, the shift, and the conformal factor of a 2 dimensional metric, 
together with an ordinary differential system for the Teichmuller parameters 
which determine the conformal geometry. The wave map field and the Te- 
ichmuller parameters represent therefore the true propagating gravitational 
degrees of freedom of the original problem. 

The basic methods we use to prove existence for an infinite proper time 
involve the construction of higher order energies to control the Sobolev norms 
of the wave map and the solution of the differential system 1 satisfied by the 
Teichmuller parameters degrees of freedom. A subtlety is that the most ob- 
vious definition of wave map energies does not lead to a well defined rate of 
decay so that suitable corrected energies must be developed which exploit 
information about the lowest eigenvalues of the spatial Laplacian which ap- 
pears in the relevant wave operators. The eigenvalues vary with position in 
Teichmuller space and thus evolve along with Teichmuller parameters. If the 
lowest (non trivial) eigenvalue asymptotically avoids a well known gap in the 
spectrum ( the gap (0,|] in our normalization which has the more familiar 
form (0,|] if one instead normalizes the Gauss curvature on the higher genus 
surface) then we obtain a universal rate of decay for the energies asymp- 
totically. If the lowest eigenvalue however drifts into this gap and remains 
there asymptotically then the rate of decay of the energies will depend upon 
the asymptotic value of this lowest eigenvalue and will no longer be univer- 
sal. We need slightly different forms for the corrected energies to handle 
these different eventualities (universal versus non universal rates of decay). 

1 We use here directly this system, instead of introducing the Dirichlet energy as ib 
CB-M 1 and CB6M 2. 
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In all cases the conformal geometry of our circle bundles undergoes a kind 
of Cheeger - Gromov collapse in which the circular fibers (after a conformal 
rescaling needed to take out the overall expansion) collapse to zero length 
asymptotically while only the conformal 2 - geometry remains well behaved. 
In our set up the Sobolev constants depend only on the conformal 2 - ge- 
ometry (i.e. upon the Teichmuller parameters) and, so long as the evolution 
remains in a compact subspace of Teichmuller space, these constants remain 
under control. 

The sense in which our solutions are global in the expanding direction is 
that they exhaust the maximal range allowed for the mean curvature function 
on a manifold of negative Yamabe type, for which a zero mean curvature 
cannot be achieved but only asymptotically approached. In addition however 
our estimates prove that the normal trajectories to our spatial slices all have 
infinite future proper time length, and allow us to establish, using [CB-C], 
causal geodesic completeness in the expanding direction. 

If the harmonic one - form H discussed above were allowed to be non zero 
it would disturb the pure wave map character of the reduced field equations. 
On the other hand it seems plausible that energy arguments could still be 
made to work in the presence of H. Alternatively one might simply refrain 
from trying to force the reduced field equations into a wave map framework 
and instead develop energy arguments for the Einstein - Maxwell - Jordan 
type system itself which require no splitting of e into twist potential and har- 
monic contributions. I shall not however pursue either of these possibilities 
here but leave them for further study. 

I need as in CB-M1 and CB-M2 a smallness condition on suitably defined 
energies which control the norms of the evolving (here wave map) field and 
for this reason I continue to restrict my attention to trivial S l bundles over 
£ (i.e., to those for which M = S 1 x E). The reason for this is that the 
curvature of the U(l) connection and its assumed (U(l) - generating) Killing 
field has a quantized integral over £ and, in the case of a non trivial bundle 
when this integral is not zero, cannot be adjusted to satisfy the smallness 
condition needed for the energy argument. It seems plausible that one could 
probably substract off this unavoidable topological contribution to curvature 
and work with suitable energies defined for the substracted fields to handle 
the case of non trivial bundles but I shall not attempt to do so here. 

Another approach (suggested by V. Moncrief) to treating solutions on 
non trivial S 1 bundles involves applying a well known action of SL(2,R) 
(the isometry goup of the Poincare plane which plays the role of target for 
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our wave map fields) to the fields defined on the base manifold E x R. In 
certain cases this group action can be used to transform solutions which lift 
to the trivial S 1 bundle over X x R to other solutions which lift instead 
to another, non trivial bundle. There is an obstruction to obtaining such 
solutions in this way since a certain Casimir invariant (which is of course 
preserved under the group action) is necessarily positive for solutions which 
lift to the trivial bundle (it can be negative for a subset of solutions which 
lift to non trivial bundles). This formulation has so far only been developed 
for the case of circle bundles over S 2 x R but can most likely be generalized 
to the cases of bundles over £ x R where £ is either a torus or a higher genus 
surface. That possibility is left for further study. 

The small data future global existence theorem for solutions of Einstein's 
equations of Andersson and Moncrief, this volume, makes no symmetry as- 
sumption whatsoever, but treats a different class of spatial 3 - manifolds 
which are taken to be compact hyperbolic. The results of their analysis show 
that the standard hyperbolic (i.e. constant negative curvature) metric on 
such a manifold serves as an attractor for the conformal geometry under 
the (future) Einstein flow. In other words the evolving conformal geometry 
has a well behaved limit in that problem. This fact plays a crucial role in 
their analysis since various Sobolev "constants" (which are in fact function- 
al of the geometry) which are needed in the associated energy estimates are 
asymptotically under control since they are tending toward their (regular) 
limiting values for the hyperbolic metric. Thus the difficulty of degenerating 
Sobolev constants, avoided by the introduction of a conformal 2 metric in 
the case of our U{1) symmetry assumption, never arises in the Andersson - 
Moncrief work. 

Besides the fact that the U(l) symmetric case is not included in the no 
symmetry case treated by Andersson and Moncrief, an interest of the U(l) 
case is that in our problem the number of effective spatial dimensions is 
two, and also that there is no known "physical" reason why large data solu- 
tions should develop singularities in the direction of cosmological expansion. 
Black hole formation seems to be suppressed by the topological character of 
the assumed Killing symmetry (which is of translational rather than rota- 
tional type and excludes the appearance of an axis of symmetry) and the big 
bang singularity is avoided by considering the future evolution from an ini- 
tially expanding Cauchy hypersurface. Any possible big crunch is excluded 
by our requirement that the spatial manifold M is of negative Yamabe type 
(which is true of all circle bundles over higher genus manifolds). Such mani- 
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folds are incompatible (in the vacuum and electrovacuum cases for example) 
with the development of a maximal hypersurface which would be a necessary 
prelude to the "recollapse" of an expanding universe towards a hypothetical 
big crunch singularity. At a maximal hypersurface the scalar curvature of 
M would have to be everywhere positive - an impossibility on any manifold 
of negative Yamabe type. Thus it is conceivable that for large data future 
global existence holds for our problem. Up to now the only large data global 
results require simplifying assumptions so stringent that they effectively re- 
duce the number of spatial dimensions to one (e.g., Gowdy models and their 
generalizations, plane symmetric gravitational vaves, spherically symmetric 
matter coupled with gravity) or zero (e.g. Bianchi models, 2+1 gravity). 
Unfortunately we have at present no way of proving this global existence, 
even in the polarized case for which the wave map equation reduces to a 
wave equation for a scalar function, because the reduced field equations are 
non local in character. The "background" spacetime on which the scalar 
field evolves is not given a priori but is instead a certain functional (obtained 
by solution of elliptic equations) of the evolving field (and the Teichmuller 
parameters) itself. In the unpolarized case, the problem of global existence 
of strong solutions for wave maps on a fixed background in 2+1 dimensions 
is still unsolved. However there is a proof [M-S] of global existence of a weak 
solution (with no uniqueness) for wave maps from Minkowski spacetime. Any 
progress on the large data global existence, even of weak solutions, for the 
U(l) - symmetric problem would represent a "quantum jump" forward in 
our understanding of long time existence problems for Einstein's equations. 

It is worth mentioning here that, again with suitable topological restric- 
tions, using the reduction obtained by V. Moncrief [M2], an analogous Ein- 
stein - wave map form of the reduced field equations can be obtained even 
when one begins with the full Einstein - Maxwell system in 3+1 dimensions. 

Some steps of the proof given here have been obtained independently, 
using other notations, by V. Moncrief. I thank him for communicating his 
manuscript to me, and for numerous conversations on the subject. 
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2 S invariant einsteinian universes. 
2.1 Definition. 

The spacetime manifold V is a principal fiber bundle with Lie group S 1 and 
base S x R, with £ a smooth orientable 2 dimensional manifold which we 
suppose here to be compact and of genus greater than one. 

The spacetime metric is invariant under the action of S 1 , the orbits 
are the fibers of V and are supposed to be space like. We write it in the form 
adapted to the bundle structure 2 : 

Wg = e- 2 ^g + e^(6) 2 , 

where 7 and ^g can be identified respectively with a scalar function and a 
lorentzian metric on the base manifold Sxfl. In coordinates (x 3 , x a ) adapted 
to a local trivialization of the bundle, with x 3 a coordinate on S* 1 (i.e. with 
x 3 = and x 3 = 2n identified) and (x a ) = (x a ,t), a = 1,2 coordinates on 
£ x R, it holds that: 

Wg = -iV 2 dt 2 + g ab (dx a + v a dt)[dx h + z/dt) 

equivalently, in terms of a moving frame 

( 3 >0 = -N 2 (6°) 2 + g ab e a 6 b , e° = dt, 6 a = dx a + u a dt 

where N and v are respectively the lapse and shift of ( 3 )g 5 and 

g = g ab dx a dx b 

is a riemannian metric on S, depending on t. The 1-form 9, S 1 connection 
on the fiber bundle V, is represented by 

9 = dx 3 + A a dx a 

The 1-form A = A a dx a depends on the trivialization of V, it is only a locally 
defined 1-form on S x R if the bundle is not trivial. 

2 See for instance CB-DM Kaluza Klein theories p. 286. The Lorentzian metric on the 
base manifold S x R is weighted by e -37 in order to obtain equations which split in a 
nice hyperbolic - elliptic coupled form (see Ml, CB-M3). 
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2.2 Twist potential. 
2.2.1 Definition. 



The curvature of the connection locally represented by A is a 2-form F on 
Exfi, given by, if the equations ^ 4 ^i? a3 =0 are satisfied, 

F Q/3 = (l/2)e" 4 X /3 A^ A 

with r] the volume form of the metric ^g, and E an arbitrary closed 1-form. 
Hence if £ is compact 

E = du + H 

where a; is a scalar function on V, called the twist potential, and H a repre- 
sentative of the 1-cohomology class of E x R, for instance defined by a 1-form 
on S, harmonic for some given riemannian metric m. For simplicity we take 
H = 0. 

2.2.2 Construction of A. 

The connection 1- form 9 can be constructed, when F is known if the following 
integrability condition is satisfied (see [Ml], [CB-M3]) 

I F = - f F ab dx a A dx b = — [ e-^N^dou/jig = 2nn. (2.1) 

where n is the Chern number of the bundle over S x R. 

We will suppose here that this bundle is trivial, i.e. n = 0; this value of 
n is the only one compatible with the smallness assumptions on the energy 
that we will make. The 1 - form A = A a dx a is then defined globally on 
Exfi. It satisfies the equation 

dA = F (2.2) 
We denote by A and F the t dependent 1 - form and 2 - form on E given by 

A = A a dx a , F = \F ab dx a A dx h . (2.3) 

The equation 2.2 splits into 

dA = F, i.e. 9 a A fe -9 b A a = F afe (2.4) 



7 



and, denoting by the 1-form F ta dx a : 

d t A a - d a A t = F ta , i.e. d t A-dA t = F (t) . (2.5) 

We solve 2.4 by introducing a smooth m metric on E. We denote by 5 m and 
A rn = 5 m d + dS m the codifferential and the de Rham Laplace operator in this 
metric. If we suppose that A satisfies the Coulomb gauge condition: 

5 m A = 0. (2.6) 

The equations 2.4 and 2.6 imply that 

A m A = 5 m F. (2.7) 

The general solution of this equation is the sum of the unique solution A 
which is L 2 (m)— orthogonal to the elements of a basis of harmonic 
1-forms, and an arbitrary harmonic 1-form, that is: 

A = A + Y^c i H ( i ) , {A,H (t) ) L 2 (m) = (2.8) 

i 

where the q are t-dependent numbers. The solution A satisfies a Sobolev 
inequality 

\\A\\H 2 {m) < C m \\5 m F\\ L 2( m ^ ||<5 m -F||L 2 (m) < C m \\F\\ Hl ( m ) (2.9) 

A solution A of 2.7 satisfies 2.4 and 2.6 because 2.7 implies 

dA m A = A m dA = d5 m F ee A m F (2.10) 

since F is closed, and 

5 m A m A ee A m 5 m i = 0. (2.11) 

2.10 implies that dA — F is a harmonic 2-form on S, it is zero because its 
period, i.e. its integral on the unique 2 cycle S, is zero (equation 2.1). 2.11 
implies that the scalar function 5 m A is harmonic, but its integral on E is 
zero, since it is a divergence, therefore S m A = 0. 

The equation 2.5 can be satisfied by choice of A t , a t dependent function 
on E, if the 1-form dtA — is an exact differential. The commutation of 
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partial derivatives and the closure of F show that a solution A of 2.4 satisfies 
the equation 

d a d t A b - d b d t A a = d t F ah = d a F tb - d b F ta: i.e. d(d t A - F (t) ) = 0. (2.12) 

Since the form d t A — Fu\ is closed it will be the differential of a function A t if 
and only if it is L 2 (m) orthogonal to the harmonic 1-forms, that is, because 
d t A is like A L 2 {m) orthogonal to the which do not depend on t : 



£ ~~fa H V) ~ F (t)' H (i))L 2 (m) = 0. (2.13) 
3 

Choosing the H'^s to be L 2 {m) orthonormal, this equation reduces to: 

dci 

= ( F (t),H(i)) L 2 {m y (2.14) 

These equations determine q by integration on t through its its initial value 

Ci(*o) 

We complete the determination of the scalar function A t by remarking 
that for such a function the equation 2.5 implies 3 , using 2.6, 

A m A t = -5 m F (th (2.15) 

an equation which determines uniquely A t if we impose that its integral on 
Et is zero. It satisfies then the inequality 

||^t||ff 2 (m) < C m || 5 m F(t) || L 2 (m), ||^m.-^(t)|U 2 (m.) < Cm| |-^t| |i?i(m) ■ (2-16) 

Remark 2.1 VFe can, instead of the Coulomb gauge, determine A in tempo- 
ral gauge, i.e. impose A t = 0. We determine the 1 - form A , the value of A 
fort = to by the relation 2.4 through the value of Fq as above. The equation 
2. 5 is, when A t and F( t ) are known, an ordinary differential equation for A 
which can be solved by integration on t : 

A = A + [ F {t) . (2.17) 

Jt 



3 For a scalar function it holds that S m f =0 and A m f = A m f. 
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When 2. 5 is satisfied it implies, whatever A t may be using the commutation 
of partial derivatives and the closure of F the equation 



d t (d a A b - d b A a ) = d a F tb - d b F ta = d t F ab (2.18) 

i.e. 

d t (dA-F)=0 (2.19) 

hence dA — F = for all t if it is so for t — to- 

The disavantage of the temporal gauge is that it gives only Hi estimates 
for A. 

2.3 Wave map equation. 

The fact that F is a closed form together with the equation = imply 

(with the choice H = in the definition of uj) that the pair u = (7, uj) satisfies 
a wave map equation from (E x R,^ g) into the Poincare plane (i? 2 , G), 

G = 2{d 1 f + (l/2)e- 4 ^(^) 2 , 

It is a system of hyperbolic type when ( 3 )g is a known lorentzian metric which 
reads, denoting by ®V Q the components of covariant derivatives of tensors 
on S x R in the metric ^g in the moving frame (9 a , dt): 

(3) V a 8 al + ^e-^g^daudpu = 

{3) V a d a u - Ag aP d a ud pl = 

The integral 2.1 is independent of t if F is closed, hence if the wave map 
equation is satisfied. 

Remark 2.2 The non zero Christoffel symbols of the metric G are 

G\ 2 = = -e 47 , G\ 2 = G\ x = G" u = -2 
The scalar and Riemann curvature are: 

#12,12 = -2e~ 47 , R = -A 
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2.4 3-dimensional Einstein equations 

When ( 4 )-R3q = and ^^33 = the Einstein equations ^R a p = are 
equivalent to Einstein equations on the 3-manifold E x R for the metric ^g 
with source the stress energy tensor of the wave map: 

{3) Ra[3 = P af 3 = d a U.d/3U 

where a dot denotes a scalar product in the metric of the Poincare plane: 

d a u.dpu = 2<9 a 7<9 /3 7 + -e~ 41 d a udj3U 

In dimension 3 the Einstein equations are non dynamical, except for the 
conformal class of g determined by Teichmuller parameters. They decompose 
into: 

a. Constraints. 

b. Equations for lapse and shift to be satisfied on each E t . These equa- 
tions, as well as the constraints, are of elliptic type. 

c. Evolution equations for the Teichmuller parameters, ordinary differen- 
tial equations. 

2.4.1 Constraints on E t . 

One denotes by k the extrinsic curvature of E 4 as submanifold of (E x g). 
Then, with V the covariant derivative in the metric g, 

k ab = (2N)- 1 (-d t g ab + V a u b + V 6 iv), 

the equations (momentum constraint) 

(3) i? a = N(-V b k b a + d a r) = dou.d a u (2.20) 

and (hamiltonian constraint, (3) So = (3) -Roo + \N 2 {3) R) 

2iV- 2{3) 1 Soo = R(g) - k a h k b a + r 2 = N~ 2 dou.d u + g ab d a u.d b u (2.21) 

do not contain second derivatives transversal to E t of g or u. They are the 
constraints. To transform the constraints into an elliptic system one uses the 
conformal method. We set 

dab = e 2X a ab , 
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where a is a riemannian metric on X, depending on t, on which we will 
comment later, and 

kab = K b + -g ah r 

where r is the g-trace of k, hence h is traceless. 

We denote by D a covariant derivation in the metric a. We set 

u' = N- x dou 

with do the Pfaff derivative of u, namely 

d d 
d = — - v a d a with d a = 



dt ° " dx a 

and 

u = e 2X u' 

The momentum constraint on H t reads if r is constant in space, a choice 
which we will make 

D b h b a = L a ,L a = -D a u.u (2.22) 

This is a linear equation for h, with left hand side independent of A. The 
general solution is the sum of a transverse traceless tensor Jitt = <? (see 2.28 
below) and a conformal Lie derivative r. Such tensors are L 2 — orthogonal on 

(E,(7). 

The hamiltonian constraint reads as the semilinear elliptic equation in A : 

AA = f(x, A) = Pl e 2X - p 2 e~ 2X + p 3 , (2.23) 
with A ee A CT the Laplacian in the metric a and: 

Pi^> P2 = ^(|«| 2 + |/i| 2 ), P3 = \(R(a) - \Du\ 2 ) 

2.4.2 Equations for lapse and shift. 

Lapse and shift are gauge parameters for which we obtain elliptic equations 
on each S t as follows. 

We impose that the S^s have constant (in space) mean curvature, namely 
that r is a given increasing function of t. The lapse N satisfies then the linear 
elliptic equation 

dr 

AN — aN = -e 2A -^ (2.24) 
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with (|.|pointwise norm in the metric a) 

a = e- 2 \\ h | 2 + | u | 2 ) + \e 2X r 2 (2.25) 

The equation to be satisfied by the shift v results from the the expression for 
h deduced from the definition of k 

h ab = {2N)- 1 [-{d t g ab - l -gabg cd d t g C d) + V a u b + V b u a - g ab V c u c ] 

which implies, if g ab = e 2X a ab and if n a = e~ 2X v a denotes the covariant 
components of the shift vector v in the metric a (thus n a = v a ) 

h ab = {2Ny 1 e 2X [-{d t a ab - l -o ab a ca %o cd ) + D a n b + D b n a - a ab D c n c ] 
The equation is therefore: 

(L a n) ab = D a n b + D b n a - a ab D c n c = f ab (2.26) 

f ab = 2Ne~ 2X h ab + d t a ab - ^a ab a cd d t a cd (2.27) 

The homogeneous associated operator, the conformal Killing operator L a , has 
injective symbol, and it has a kernel zero, since manifolds of genus greater 
than 1 admit no conformal Killing fields. 

The kernel of the dual of L a is the space of transverse traceless symmetric 
2-tensors, i.e. symmetric 2-tensors T such that 

a ab T ab = 0, D a T ab = 0. (2.28) 

These tensors are usually called TT tensors. The spaces of TT tensors are 
the same for two conformal metrics. 

2.5 Teichmiiller parameters. 

On a compact 2-dimensional manifold of genus G > 2 the space T eic h of 
conformally inequivalent riemannian metrics, called Teichmiiller space, can 
be identified ( Fisher and Tromba, see [F-T] or [CB-DM]) with M^/D 0: 
the quotient of the space of metrics with scalar curvature —1 by the group 
of diffeomorphisms homotopic to the identity. M_i^T eich is a trivial fiber 
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bundle whose base can be endowed with the structure of the manifold R n , 
with n = 6G — 6. 

We require the metric at to be in some chosen cross section Q — > ip(Q) 
of the above fiber bundle. Let Q 1 , 1=1, ■■■,n be coordinates in T eic h, then 
dtp/dQ 1 is a known tangent vector to M_i at ip(Q), that is a symmetric 
2-tensor field on E, the sum of a transverse traceless tensor field Xj(Q) and 
of the Lie derivative of a vector field on the manifold (E,ip(Q)). The tensor 
fields Xi(Q), I = 1, ...n span the space of transverse traceless tensor fields on 
(E,'0(<5)). The matrix with elements 

X? b X Jab fj,^Qj 

is invertible. 

We have found in [CB-M1] an ordinary differential system satisfied by 
t i— > by using on the one hand the solvability condition for the shift 
equation which determines dQ 1 /dt in terms of h t which reads 

/ f ab Xffi at = 0, J=l,...6G-6, (2.29) 

and on the other hand the necessary and sufficient conditions for the previous 
equations to imply also the remaining equations ^R a b — P a b = 0> that is: 

/ N(WR ab - p ab )Xfv at = 0, for J = 1, 2, ...6G - 6. (2.30) 

We have used the expression 

a dQl V 

Ota ab — —rr^I,ab + ^ab 

dt 

where C ab is a Lie derivative, L 2 orthogonal to TT tensors, together with 
the decomposition h = q + r, with r a tensor in the range of the conformal 
Killing operator and q a TT tensor. This last tensor can be written with the 
use of the basis Xj of such tensors, the coefficients P 1 depending only on t: 

Qab = P^tyXj^t, 

The orthogonality condition 2.29 reads, using the expression 2.27 of f ab and 
the fact that the transverse tensors Xi are orthogonal to Lie derivatives and 
are traceless: 

/ [2Ne- 2 \r ab + P'X^) + (dQ 1 /dt)X I>ab ]Xf^ = 
J s t 



L 
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The tangent vector dQ 1 /dt to the curve t — > Q(t) and the tangent vector 
P 7 (t) to T eich are therefore linked by the linear system 

dQ 1 r 
Xjj-^ + YuP 1 + Zj = 
dt 



with 



Xjj = / XfX Jtab ^ a , (2.31) 



Yjj ee / 2iVe- 2A Xf X Jiab/ i CT , ee / 2iVe- 2A r a5 Xf /! a (2.32) 
While, using 

( 3 ^ a6 ee R ab - N^dokab - 2k ac k c b + rk ab - N^VadbN (2.33) 
where ^ 

Rab = -RQab, Pab = 9 a U.d b U 

k ab ee P / X /iafe + r ab + ^ a6 r 

and <9 is an operator on time dependent space tensors defined by, with C u 
the Lie derivative in the direction of u, 

d = d t - C u 

gives 4 for 2.30 the expression: 



/ {-dokab - 2Ne 2X h ac h c b + rNh ab - V a d b N - d a u.d b u)Xfpi at = (2.34) 



We have thus obtained an ordinary differential system of the form 

where $ is a polynomial of degree 2 in P and dQ/dt with coefficients de- 
pending smoothly on Q and directly but continuously on t through the other 
unknowns, namely: 

$j ee A JlK P I P K + BjjkP 1 ^- + CnP 1 + Dj 
dt 



4 In the formula 2.33 indices are raised with g, in 2.34 they are raised with a. 
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with 



A JIK = [ 2Ne 2X Xl a X KM Xffi at 

JT. t 



p _ / dX I)ab , 



0,,= / [(-CX / ) ab + 4iV e - 2A r 6 c X /iac -riVX /iab ]Xf/i (Tt 
•/St 

and, using integration by parts and the transverse property of the Xj to 
eliminate second derivatives of N (recall that V a d b N = D a d b N — 2d a \d b N) 



Dj= I (-d r ab -2Ne- 2X r ac ri + rNr ab + 2d a Xd b N - d a u.d b u)Xf n Ct . 



3 Cauchy problem. 

3.1 Cauchy data. 

The Cauchy data on S <0 are: 

1. A C°° riemannian metric o"o which projects onto a point Q(to) of 
and a C°° tensor go which is TT in the metric a®. 

2. Cauchy data for u and u on S to , i.e. 

u(t ,.)=u , u(t ,.)=u . 

We say that a pair of scalar functions, u = (7, a;) or u = (7, cl>) belongs to 
if it is so of each of the scalars; Wf and H s = VT, 2 are the usual Sobolev 
spaces of scalar functions on the riemannian manifold (E,cr ). We suppose 
that 

m e #2, mo e 

From these data one determines the values on So of the auxiliary unkown, 
ho G W% , 1 < p < 2, the conformal factor lapse and shift Ao, iVo, G W£. 
One deduces then the usual Cauchy data for the wave map by 

(dtu) = e- 2Xo N ii + v a d a u (3.1) 

It holds that 

{d t u) G H x . (3.2) 

We suppose that the initial data satisfy the integrability condition 2.1 and 
we deduce from them an admissible A . 
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3.2 Local in time existence theorem. 



The following theorem is a consequence of previous results (see CB-M2, CB1, 
CB-M1). 

Theorem 3.1 The Cauchy problem with the above data for the Einstein 
equations with S 1 isometry group has, if T — to is small enough, a solu- 
tion with u E C°{[to,T),H 2 ) u E C^ttcT),^); X,N,v e C°{[t ,T), W$) 
C\C\[t Q ,T),W%), 1 < p < 2 and N > while a e C^Qto, T), C°°) with a t 
uniformly equivalent to o~o- This solution is unique up to t parametrization 
ofr, choice of A t , and choice of a cross section o/M_i over T eic h- 

3.3 Scheme for global existence. 

If the universe is expanding the mean curvature r starts negative and in- 
creases, the universe attains a moment of maximum expansion if it exists up 
to r = 0. We choose the time parameter t by requiring that 

* = --. (3.3) 

T 

Then t increases from to > to infinity when r increases from r < to zero. 

It results from the local existence theorem and a standard argument that 
the solution of the Einstein equations exists on [to, oo) if the curve t h- > 
Q(t) remains in a compact subset of T eich and the norms \ \j(t, .), cu(t, -)\\h 2 , 
||(9 t 7(t, .),d t cu(t, .) 1 1 Hi do not blow up for any finite t. 

It will result from the following sections that these norms do not blow up 
if it is so of the energies that we will now define. However this non blow up 
will be proved only for small initial data and the proof of the boundedness 
of Q will require the consideration of corrected energies, analogous to the 
corrected energies introduced in [CB-M1], but linked with the wave map 
structure and more complicated to estimate. 

In section 4 the first and second energies are defined. A proof is given 
that the first energy is non increasing. Some preliminary properties of gauge 
covariant derivatives are given, but the estimate of the second energy is 
posponed after the estimates of the coefficients of the wave map equation 
through the elliptic equations they satisfy. 

In sections 5 and 6 we obtain these elliptic estimates for the difference of 
various quantities with what will be their asymptotic value, in terms of the 
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energies previously defined. We choose a t such that R(a t ) = — 1, we suppose 
that the energies are bounded by some number and that the projection 
of at on the Teichmiiller space remains in a compact subset. We first obtain 
bounds in Hi for h, and A in H 2 , then bounds for h in W%, 2 — N and v in 
W%, 1 < p < 2. We also bound 5 d t a t . 

In section 8 we use the estimates found on the coefficients of the wave map 
equation to obtain a non linear differential inequality for the second energy. 
We could deduce from it, by a continuity argument, an a priori bound for 
this energy also (the first energy has been shown to be non decreasing) if 
we knew that the metrics a t are all uniformly equivalent. To obtain such 
a result we must prove the decay of the energies. This decay is proved in 
section 9 and 10 through the introduction of modified energies. The proof is 
more involved than in the unpolarized case, but follows essentially the same 
lines. All the obtained estimates lead to a global existence theorem by a 
continuity argument. 

4 Energies. 

4.1 First energy. 
4.1.1 Definition. 

We denote below by |.| a norm in the metric G and |.| 9 a norm in the metrics 
g and G, in particular: 

\uf = 2( 7 ') 2 + V 4 V) 2 , \Du\l = g ab {2D al D hl + l -e-^D a ujD b u) (4.1) 

The 2+1 dimensional Einstein equations with source the stress energy tensor 
of the wave map u contain the following equation (hamiltonian constraint) 

2iV- 2 (T 00 S 00 ) = \uf + \Du\ 2 g +\k\ 2 g - R(g) - r 2 = (4.2) 

The splitting of the covariant 2-tensor k into a trace and a traceless part: 

kab = Kb + ^QabT (4.3) 

We did not need this bound in CB-M1 due to the consideration of a special class of 
initial data, whose property (equation 47) was conserved in time: this conservation does 
not hold in the unpolarized case. 
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gives that: 

\k\ 2 g = g ac g bd k ab k cd = \h\ 2 g + \r 2 (4.4) 
and the hamiltonian constraint equation reads 

\u'\ 2 + \Du\ 2 g +\h\ 2 g = R{g)+ l -r 2 (4.5) 

Inspired by this equation, we define the first energy by the following 
formula 

E(t)= [ (Io + h + l\h\ 2 g )» g 

with 

io = \\w\ 2 = ( 7 r+^(c') 2 , 

h - \ I Du \ 2 =\ D, \l + \e^ | Du \ 2 g 

that is: 

^(*) = ^{ii «' 11; + ii ^« 11; + ii ^ n;> (4-6) 

with || . ||jjthe square of the integral in the metric g of \.\ 2 . This energy is the 
first energy of the wave map u completed by the square of the L 2 (g) norm 
oih. 



4.2 Bound of the first energy. 

The integration of the hamiltonian constraint on (£t,g) using the constancy of 
t and the Gauss Bonnet theorem which reads, with \ the Euler characteristic 
of E 



R(g)n = 4n X (4.7) 



shows that 



E(t) = ^-Volg&t) + 27r X , Volg&t) = f pi 6 
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Recall that on a compact manifold 

<WolgE t 1 f ab dg ab f 

We use the equation 

N~ m R 00 = A 9 iV - N\k\ 2 g + <9 t r = AV| 2 

together with the splitting of k to write after integration, since r is constant 
in space, 



K * f N^ = ^Vol g (^ t )- I N(\h\l+\uf)n g 



We then find as in [CB-M1] that it simplifies to: 

^ = rljH + W 2 )N, r (4.8) 

We see that E{t) is a non increasing 6 function of t if r is negative. We 

remark that, due to the use of the constraints DN does not appear in 4.8, 
as it would have if we had used only the wave map energy. 

We set 

e = {E{t)}l, e = {E(to)}K (4.9) 
we have proved that if r < then 

e < e . (4.10) 



4.3 Second energy. 
4.3.1 notations. 

We denote by V a covariant derivative in the metrics g and G, for t dependent 
sections of the fiber bundle E p ' q with base E and fiber ® P T*S & T U ^P, with 
P the Poincare plane. That is we set, for d c u A , a section of E 1 ' 1 , 

v h d c u A = d b d c u A - r a bc d A + G A c d b u B d c u c (4.ii) 

6 The absence of the term |Du| 2 prevents the use of this equality to obtain a decay 
estimate. 
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where r^ c and Gg C denote respectively the connection coefficients of the 
metric g, and of G given in the remark 2.2. For u' A , section of E ' 1 , we have: 

V a u' A = d a u' A + G A c d a u B u' c . (4.12) 
while for Gab, section of E 0,2 it holds that 

V a G AB = 0. (4.13) 

On the other hand we define by fib a differential operator mapping a t de- 
pendent section of a bundle E p ' q into another such section by the formula: 

fib VV = Bo V V + Gi c d u B V V (4. 14) 

with 7 

d = dt-C u (4.15) 
where C u denotes the Lie derivative with respect to the shift v. In particular: 

d u' A = d u' A + G A c d u B u' c (4.16) 

and 

8 G AB = 0. (4.17) 
With these notations the wave map equation reads: 

-dou' A + V(Nd a u A ) + Ntu = 0. (4.18) 

We will use the following lemma, which can be foreseen, and also checked 8 
by direct computation. 

Lemma 4.1 The following commutation relations are satisfied: 

8od a u A = V a d u A , (4.19) 

d V a dou A - W a dodou A = RcB A D dou c d a u B dou D , (4.20) 

doV a d b u A - V a dod b u A = R CB A D doU C d a u B d b u D - d c u A d T c ab . (4.21) 

7 Operator on tensors denoted do in [CB-Yo]. Note that only dou A is denned, since u 
is a mapping, not a tensor, and that dou' A = dou' A .. 
8 See CB1. 
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We recall the identities 

d g ab = d g ab = 2Nk ab , (4.22) 

d T c ab = B T c ab = V c (Nk ab ) - V a (iVA; 6 c ) - V b (Nk c a ). (4.23) 

4.3.2 Definition. 

We define the second energy by the following formula 

EW(t)= [ (Jo + JiK (4.24) 

JT. t 

with 

Ji = l I ^ I = + \e- A \^f) (4-25) 

= \ I W |J= i{2|V 7 '|J + |e-^|Va/|J}. (4.26) 

4.3.3 Estimate. 

We postpone the computation and estimate of the derivative of E^(t) until 
after the estimates of h, A, N and v. We set: 

E(t)=e\ E {l \t)=T 2 e\ (4.27) 

4.4 Norms. 

We suppose chosen a smooth cross section Q — > ip(Q) of M_i over the Te- 
ichmuller space T eic h, together with a C 1 curve £ — > Q(t). We are then given 
by lift to M_x a regular metric <7 t for t G [t ,T], with scalar curvature -1. 

Definition 4.1 Hypothesis H a : £/ie curve contained in a compact subset 
of T eich . 

Under the hypothesis H CT the metric a t is uniformly equivalent to the 
metric <Jq = <J t() . A i— dependent Sobolev constant on (E, <x t ) is uniformly 
equivalent to a number. We denote by C CT any such number, which depends 
only on the considered compact subset of T eic h. 



22 



The spaces W^(a t ) are the usual Sobolev spaces of tensor fields on the 
riemannian manifold (E,cr t ). By the hypothesis on o~ t their norms are uni- 
formly equivalent for t € [^0,,^] to the norm in Wf(ao) denoted simply Wf. 
We set W 2 =H S . 

We denote now by |.| a pointwise norm in the a and G metrics; || . || and 
|| . ||p denote L 2 and L p norms in the a metric. 

We denote by D a covariant derivative relative to the metrics o and G. 

A lower case index m or M denotes respectively the lower or upper bound 
of a scalar function on E t . It may depend on t. 

Lemma 4.2 It holds that: 
1. 



\\Du\\ 2 = \\Du\\ 2 g < 2e 2 , \\u'\\ 2 < e- 2Xm \\u'\\ 2 g <2e~ 2Xm e 2 . (4.28) 

2. 

\\DDu\\ 2 < 2e 2XM r 2 e\ + e 2 . (4.29) 

Proof. 1. Results directly from the definitions. 
2. By definition 

\\DDu\\ 2 = J D a D b u.D a D b ufi a (4.30) 
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{b a (D b u.D a D b u)-D h u.D a D a D b u}fi a = - J D b u.D a D a D b ufi a (4.31) 



(since D b u.V a D b u is an ordinary covariant vector on E its divergence inte- 
grates to zero). 

The Ricci commutation formula gives that, with p ab = —\o ab the Ricci 
curvature of the metric a: 

D a D a D b u c = D a D b D a u c = D b Au c + p b c D c u c + D a u A D b u B R AB C D D a u D . 

(4.32) 

By another integration by parts 4.31 gives then 

/ -D b u.D a D a D b ufi a = [ {\Au\ 2 -D b u.(p c b D c u c +D a u A D b u B R AB ; D D a u D )}fi a 
Je is 
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On a 2 dimensional manifold the Riemann curvature is given by: 

Rab C d = \r{G){5 c a G bd - 5 C B G AD ] (4.33) 

A straightforward computation gives therefore 

D b u.D a u A D b u B R AB ; D D a u D = (4.34) 

l -R{G)D b u E D a u A D h u B D a u D {G AE G BD - G BE G AD } = (4.35) 

-R(G){(D b u.D a u)(D b u.D a u) - (D b u.D b u)(D a u.D a u)} = (4.36) 
2 

^R(G){\Du.Du\ 2 - | \Du\ 2 \ 2 } (4.37) 
In the case of the Poincare plane R(G) = —4, hence 

-D b u.D a u A D b u B R AB ; D D a u D = 2{\Du.Du\ 2 - \ \Du\ 2 \ 2 } < 0, (4.38) 
because 

\Du.Du\ < \Du\ 2 . (4.39) 

■ 

5 First elliptic estimates. 

The equations for h, A, N, and v are elliptic equations on (H t ,cr t ), identical 
with those written in [CB-M1], except that in the coefficients Du.u, \Du\ 2 , 
\ii\ 2 which appear in these equations u is now a wave map and not a scalar 
function. The estimates obtained in [CB-M1] in terms of e and E\ will be 
valid if the new coefficients satisfy the same estimates in terms of our new e 
and E\. 
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5.1 Basic bounds on N and A. 



The generalized maximum principle 9 applied to the equations 2.24 and 2.23 
satisfied respectively by N and A shows that, with our choice of the time 
parameter 

t = -T~\ (5.1) 

it holds that 

< N m < N < N M < 2, (5.2) 

e -2A M < e -2A < e -2A m < _ r 2 

Definition 5.1 We say that the hypothesis 10 H\ is satisfied if there exists a 
number c\ > 1, independent oft, such that 

-Le XM \r\<c x . (5.4) 
and we denote by C\ any positive continuous function of c x e R + ■ 



5.2 L 2 estimates of II |Dw| 2 || and 1 1 \u 
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Under the hypothesis H CT and H A there exist numbers C a , C\ such that u 
satisfies the same inequalities as in the polarized case, that is: 

Lemma 5.1 

II |£H 2 || <aC A {£ 2 + £ £l }. (5.5) 

II I u | 2 || < C a C X T 2 e(e + ei). (5.6) 

II I ^ | 2 || < C <y C , Ar~ 2 e(e + ei). (5.7) 



9 Thc cocfBcicnts in these equations belong to the same functional spaces as in [CB-M1], 
as will be proved in the next subsection which will also estimate them. 
10 This hypothesis replaces the hypothesis H c made on v in [CB-M1]. 
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Proof. A Sobolev embedding theorem applied to the scalar function 
\u'\ 2 gives that: 11 

II | u' | 2 || <C a (\\\u'\ 2 \\i + \\DW\ 2 \\i)- 

It holds that 

D\u'\ 2 = 2u.Du' 

therefore, since Du' = Vu', 

\\D\u'\% < 2||«'|| \\Du'\\ < 2e~ Xm \\u'\\ g \\Vu'\\ g 
Hence, since |||m'| 2 ||i = ||w'|| 2 , and using the bound 5.3 of A 

II I u' | 2 || < C a e- X ™\\u'\\ g (e- X ™\\u'\\ g + \\Du'\\ g ) < a|r| 2 e(e + e x ) 
By the definition of u it holds that. 

|| |m| 2 ||< e 4AM || \u'\ 2 ||, 

hence 

II | u | 2 || < C a e iXM T 2 e{e + e AM |r|£i) < C a Cyj' 2 e[e + £1). 
On the other hand, since 

D\Du\ 2 = 2Du.DDu, (5.8) 
it holds that, using again the Sobolev embedding theorem 
II |^| 2 \\<C a \\Du\\(\\Du\\ + \\DDu\\) 
which gives using lemma 4.2 

|| | Du | 2 || < CU(e + e AM |r|£i) 
hence under the hypothesis H A : 

II I Du | 2 || < C^xeie + Si). 



n See C.B2, here case n=2. 
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Lemma 5.2 

II \Du\ 2 \\ g < C ff C A |T|e{e + ei}. (5.9) 

II I u' | 2 \\ g < C ct C a |t|£(£ + £i ). (5.10) 
Proof. The inequalities 5.5 and 5.6 imply that 

|| | u ' | 2 \\ g = {! \uf^ < e A -|| | u' | 2 || < C x C a \T\e{e + e 1 ) 

and, using the lower bound of A, 

|| | Du | 2 \\ g = {( \Du\ A g ^ < e' Xm \\ | Du | 2 || < C a C x \r\e(e + e ± ). 



5.3 Estimate of h in H\. 

We have defined the auxiliary unknown h by 

h a b = ^a6 - -jgabT 

5.3.1 Estimate of ||/i||. 

The L 2 norm of /i on (£, cr) is bounded in terms of the first energy and an 
upper bound Am of the conformal factor since we have 

|| h || 2 = / a ac a bd h ab h cdf i a < e 2A - || h f L , {g) < 2e 2XM e 2 . 
J s< 

5.3.2 Estimate of || Dh \\ . 

The tensor h satisfies the equations 

D a h a b = L b = -d a u.u 

It is the sum of a TT (transverse, traceless) tensor h T r = q and a conformal 
Lie derivative r: 

h = q + r 
27 



It results from elliptic theory that on each S t the tensor r satisfies the esti- 
mate 

II r \\ Hl < C a || Du.u \\< C a || \Du\ 2 \\^\\ \u\ 2 ||s . 
It results from the inequalities of the lemma 5.2 that 

II r \\ Hl < C a C x e 2XM \T\e{(e + e^ie + e ie XM \r\)}^ 

We recall that for the transverse part Htt — q it holds that 

|| Dq || = || q \\<\\ h \\ + \\ r || 

therefore 

|| Dh \\<e XM e{V2 + C a e XM \T\(e + eie XM \T\)^{e + ei)^}. 

Definition 5.2 We say that the hypothesis He is satisfied if there exists a 
positive number ce such that e + S\ < ce- We denote by Ce any continuous 
and positive function of ce G R + . 

If the hypothesis H CT , Ha and are satisfied, h verifies the inequality: 

|| Dh UCxlT^eil + CaCxCE). 

5.4 Estimates for the conformal factor A. 

The conformal factor A satisfies on each E t the equation 

AA = /(A) = Pl e 2X - p 2 e- 2X + p 3 
where the coefficients pi are given by 

Pi = \r 2 ,p 2 = h | 2 + | u | 2 ),p 3 = | Du | 2 ) 

The equation admits the subsolution A_ given by 

e~ 2X - = -t 2 
2 

and it holds that 

A— ^ X m ^ A <J A^ <J A_|_ 
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with A + a supersolution, for example: 

A + = 9 + v — minv 
where v is the solution with mean value zero on S 4 of the linear equation 

Av = f(9) = Pl e 2d - p 2 e- 29 + p 3 
with 12 e 29 a t— dependent number, positive solution of the equation 

p ie 4d +p 3 e 29 -p 2 = 0, 
where / denotes the mean value on (£, a) of a function / : 

Using the expressions of p 2 ,P3 and pi = |r 2 , together with 

|| u f< e 2XM || u || 2 , and || h \\ 2 < e 2XM || h || 2 

and the expression of e 2 = -E(t) we have found in [CB-M1], section 8.1 (recall 
that V a = —4:7tx, a constant) that (we have renamed 9 the t— dependent 
number lo of CB-M1): 

< \r 2 e 29 - 1 < V-^l + ^e 2X ™)e 2 < C x e 2 (5.11) 

Lemma 5.3 The following inequalities hold 
1. 

0< A M -^<2 || v \\ L oo . (5.12) 

2. 

1 < I r 2 e 2A M < 1 + ^2 + J! y || ioo e 4||«|Uoo ( 513 ) 

Proof. 1. It holds that 

Am < sup A + = 9 + maxv — minv, (5-14) 
from which results 5.12. 



2 We have renamed 9 the function called lo in [CB-M1]. 
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2. The inequality 5.12 implies by elementary calculus 

e 2{x M -e) < l + 4|| u || Looe 4|H| i <» ( 515 ) 

.The inequalities 5.11 and 5.15 imply that 

l r 2 e 2A M < (i + c a£ 2 )(1 + 4 || u || L cc e 4 NI"»), (5.16) 
from which the inequality 5.13 follows. ■ 

5.4.1 Estimate of v. 

The equation satisfied by v implies 



/ \Dv\ 2 ^ = - [ f(9)vfi a 



hence 

II Dv \\ 2 <\\ f(6) (HI v || 

but the Poincare inequality applied to the function v which has mean value 
on E gives 



v f< [A.]- 1 || D 



v II 2 



where A CT is the first (positive) eigenvalue of - A CT for functions on S 4 with 
mean value zero. Therefore on each H t 

II Dv \\< [K]- 1 ' 2 || f{9) || 
We use Ricci identity and R(a) = — 1 to obtain that 

|| A a v \\ 2 =\\ D 2 v || 2 -- || Dv || 2 

The equation satisfied by v implies then, as in [1], 

ii^n 2 = ii/wii 2 +^ii^ir 

Assembling these various inequalities gives that: 

|h|| i , 2 <[l + 3/(2A CT ) + l/A 2 ] 1 / 2 || m || 
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The Sobolev inequality 

II v ||loc< C a || v \\ H2 

gives then a bound on the L°° norm of v on E$ in terms of the L 2 norm of 
/(#), a Sobolev constant C CT and the lowest eigenvalue A CT of — A CT , which is 
itself a number C a . 

We now estimate the L 2 norm of /(6 1 ). 

m = f = pie 2e_ p2e -2e +p3 

By the isoperimetric inequality, and since / = 0, there exists a constant Co- 
such that: 

11/11 < C^DflU 

We want to bound the right hand side in terms of the first and second energies 
of the wave map. We have by the definition of / and the expression of the 
p's that: 

< ^{||£>|£>u| 2 ||i + e -*(||£>|/i| 2 ||i + PN 2 ||i)} 
Lemma 5.4 The following estimate holds under the hypothesis H x : 

^\\D\Du\ 2 ||i<C A (e 2 + ee 1 ) 

Proof. We have: 

D\Du\ 2 = 2Du.D 2 u 

hence 

||D|Du| 2 ||i < 2|| J Dw||||Z) 2 «|| 

We have seen that 

\\Du\\ =\\ Du \\ g , \\D 2 u\\ < e XM \\A g u\\ g + (l/V2)\\Du\\ g (5.17) 

which implies the given result under the hypothesis H A and the definitions 
of e and S\. ■ 

Lemma 5.5 The following estimates hold under the hypothesis H a , He and 
H x : 
1. 

\e- 2e || D\h\ 2 \\ x < C a C E C x s 2 

2. 

^e- 2 "||D|«| 2 ||i < C E C x C a (e 2 + ee 1 ). (5.18) 
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Proof. I. We have: 

II D\h 2 \ ||i< 2 || h (HI Dh || 
Using the inequalities of sections 5.3.1 and 5.3.2 we find that 

II D\h 2 \ ||i< C E C x r- 2 e 2 

The given result follows from the bound 5.11 of e~ 2e . 

2. The estimate given in [CB-M1], lemma 21, when u is a scalar function 
holds when a is a wave map, with the same proof which, as far as u is 
concerned, contains only norms. It gives the announced inequality. ■ 

We denote by Ce,x,u a number depending only on ce, c\ and the consid- 
ered compact domain of T eic h- 

Lemma 5.6 There exists a number Ce,x,g such that the L°° norm of v is 
bounded by the following inequality 

|| V ||oo< Ce+A* 2 + ££ l) ( 5 - 19 ) 

Proof. Recall that there exists a Sobolev constant C a such that 
Woo < C^WDlDuW + e-^iWDlhW + PNli)} 
The three terms in the sum have been evaluated in the lemma 5.4. ■ 
Theorem 5.7 Lit holds that: 

1 < \r 2 e 2X ™ < 1 + C E ,xAc + ^i) 2 > (5-20) 



i. e. : 

1 \ 

1 < -^\r\e XM < c x , c x > 1, (5.21 



2. There exists a number r) 1 > such that the hypothesis H\ is satisfied, 

1 

as soon as 

e + e l <r lv (5.22) 
Proof. 1. The lemmas 5.3 and 5.6. 

2. By 5.23 it holds that, with Ce,\,o the number of that inequality, 

1< * | r | e AM <CA if ( £ + £l )2 < lnl (523) 

V2 ^_B,A,a 

The result follows from a continuity argument. ■ 
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5.4.2 Bound of A in H 1 . 

The following theorem holds, with the same proof as the theorem 23 of [CB- 
Ml]. 

Theorem 5.8 The following estimate holds 

\\D\\\ Hl <C E , x Ae 2 + eei). (5.24) 

6 Estimates in W£. 
6.1 Estimates for h in Wf. 

The estimates of h in W%, with 1 < p < 2 (for definiteness we will choose 
p — |) will be obtained using estimates for the conformal factor A which have 
been obtained by using the Hi norm of h. 

Theorem 6.1 Under the H hypotheses there exists a positive number Ce,\,o 
such that the W% norm of h, choosing to be specific p — |, is bounded by 

II h \\ w p< C E ,\A T \~ l { e + e i) 

Corollary 6.2 It holds that 

M || h ||oo< C E ,x, a {e + ei) 

and that 

II h |U-( fl )< C E: x : a\T\(e + €i). 

Proof. The inequalities satisfied by ||/i||vi/ 2 p in [CB-M1], with p — |, 
are still valid when u is a wave map, with the same proof, in particular 
because || Du.u ||| and || D(Du.u) ||| satisfy estimates of the same type as 
in [CB-M1]; indeed, using section 5.2: 



II Du.u || 4 < || Du HI! u |L< C E \o\t\ 1 e 2 (e + ei) 2 . 
On the other hand a straightforward calculation gives 

D(Du.u) = D(Du).u + Du.Dii (6.1) 
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hence 

|| D(Du.ii) \\i<\\ t) 2 u (HI u || 4 + || \Du\ || 4 || t)u || 
which gives, using previous estimates 

|| D(Du.u) || 4 < C A C tr e AM {e2(e + e 1 )§ + ei(e + £ 1 )5} 

The result of the theorem follows from the bound of e by e + E\. 

The corollary is a consequence of the Sobolev embedding theorem, 



h ||oo< C„ || h \\ w p if p > 1, 



and the estimate . 



IU~( ff ) = Su Pi: {g^g bd h ab h cd }^ < e 2Xm \\ h !!«,< ^r 2 || /i 



6.2 Wg estimates for N. 
6.2.1 iJ 2 estimates of N. 

Theorem 6.3 There exists a number Ce,\,o su °h that the H 2 norm of N 
satisfies the inequality 

II 2 -TV || Ha < C E , x , a (e 2 + ee 1 ) 
Corollary 6.4 a. It holds that: 

||2-iV|| L =o<Ci; )A)ff (e 2 + eei) (6.2) 
b. There exists i] 2 > such that 

s + e 1 <r] 2 (6.3) 
implies the existence of a positive number N m ( independent of i) such that 

N>N rn >0. 
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Proof. We write, as in [CB-M1] the equation satisfied by N in the form 

A(2 — N) — (2 — N) — P 
with, having chosen the parameter t such that d t r = r 2 , 

(3 = ( 2 - N){e 2X \r 2 - 1) - N(e 2X | u | 2 +e" 2A | h | 2 ) 

The standard elliptic estimate applied to the form given to the lapse equation 
gives 

|| 2 -TV || Ha < C a || || 
Since < N < 2 and e~ 2A < ±r 2 it holds that 

|| p ||< 2 (ie 2A ^r 2 - l)^ 1 / 2 + 2(e 2Aw || |m'| 2 || +^r 2 || \h\ 2 ||) (6.4) 

The L 4 norms of h and u' as well as |e 2AM r 2 — 1 have been estimated in the 
section on the conformal factor estimate. We deduce from these estimates 
the bound 

||/3||<C E)A)CT (£ 2 + £ £l ). 

which gives the result of the theorem. 

The corollary a. is a consequence of the Sobolev embedding theorem, b. 
is a consequence of a. ■ 

6.2.2 L°° estimate of DN. 

Theorem 6.5 Under the hypotheses H there exist numbers Ce,C\ and C a 
such that if 1 < p < 2, for instance p = | 

|| 2 — TV \\ w p< C x C a C E (e 2 + ee,). (6.5) 

Corollary 6.6 The gradient of N satisfies the inequality: 

II DN \\ L oo {g) | < C x C a C E \r\(e 2 + e £l ) (6.6) 

Proof. The proof, essentially the same as in [CB-M1] rests on the Wf 
estimate of f3, since applying the standard elliptic estimate gives 

II 2 - N \\ w§ < C a || P \\ w * (6.7) 
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The estimate of 

II P \\ P < v}~* || p || 

is the same as in [CB-M1] theorem 28. In the estimate || DP \\ p the difference 
could be only in the estimate of the term || D\u'\ 2 \\ p . We have here 

D\u'\ 2 = 2u'.Du (6.8) 

hence, with p — | 

|| D\uf \\ p < 2 || u' \\ 4 \\ Du' || +2e 4(7 ^- 7 ™ ) || J D7|| 4 ||e- 2 V||^ 
which leads to the same estimate as in [CB-M1]: 

WPWwf < C E ,\,a{£ 2 

The corollary is a consequence of the Sobolev embedding theorem and 
the relation between a and g norms: 

II DN |U°o( 5) < e- Am || DN !!«,< e- A ™a || DN \\ w v< C E ^ a \r\{e 2 + ee 1 ) 



7 dtd and shift estimates. 
7.1 d t a estimate. 

We have chosen a section ip of M_i over Teichmuller space, denoted a = V'(Q) 
and supposed (Hypothesis H CT ) that Q remains in a compact subset of T eic /j. 
We then have: 

= w "rfT ( } 

where is uniformly bounded. Hence it holds that 



dt 

We recall that Q satisfies the differential equation 

dQ 1 j 
Xjj-^ + YuP 1 + Zj = 
dt 
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\M < C CT ffl. (7.2) 



where Xjj = J* s XfX j A b^ at is a matrix X with uniformly bounded inverse 
while Yjj and Zj admit the following bounds, deduced from the basic esti- 
mates of N, A and the L 2 bound of r : 



\Yu\ = | / 2Ne- 2X Xf Xj^J < C a r 2 

\Zj\ = | / 2Ne- 2X r ab Xffi at \ < C a r 2 \\r\\ < C a C E \r\e(e + e 1 ). 

On the other hand we recall that 

q ab = h T J EE X^P 7 (7.3) 

hence 

P / = (x- 1 )^ / X«W CT . (7.4) 

Therefore: 

|P 7 | < < C a (\\h\\ + ||r||) < aC^rr^e + ei) (7.5) 

hence 

\Y LJ P J \ <aC £ |T|(£ + £l ). (7.6) 
We have obtained inequalities of the following type: 

|^| <C CT C B |r|(£ + £l ), |c^| < C ff C B |r|(e + £i). (7.7) 
The derivatives D k d t a satisfy inequalities of the same type. 



7.2 Shift estimate. 

The equation to be satisfied by the shift v reads, with n a the covariant 
components of the vector v in the metric a, i.e. n a = a ab u b = e~ 2X g ab v b : 

{L a n) ab ee D a n b + D b n a - a ab D c n c = f ab (7.8) 

fab = 2Ne~ 2X h ab + 9 t a a 6 - -a ab (r cd dt(r c d 
The elliptic theory for this first order system gives the estimate 

IWIwJ = NlwJ < C<t||/||h^ (7-9) 

37 



with, if p > 1, using the bound 5.3 of e 2A , 

\ws < C a C E {r 2 \\N\\ w? \\\\\ w? \\h\\ WoP + \\d t a\\ w A. (7.10) 



Hence, using previous estimates 

ll/llwj <aC , £ |r|( £ + £l ). (7.11) 

8 Second energy estimate. 

We have defined the energy (t) of gradient u by the formula 

l = Ep-\t)= [ (Jo + JiK (8.1) 



with 



■/i = 5 I V I = ^{2(A 9 7) 2 + \e-^{k g uf} (8.2) 
Jo = i|A* , g=^{2|^i; + ^|^a/|;} (8.3) 



8.1 Second energy equality. 

We have: 



d_ 

di 



[ (Ji + J )» g = [ {d t (Ji + J )-(Nr-V a v a )(J 1 + J )K 



(8.4) 



On a compact manifold S, divergences integrate to zero, which leads to the 
following formula where the shift does not appear explicitly: 



d 
di 



[ (Ji + JoK= / {do^ + ^-NriJ. + Jo)}^ (8.5) 

J-E t JY>t 

with, since OqGab = 0, 



9 Jx = d A g u.A g u (8.6) 
We deduce from the commutation relation of the lemma 4.1 that 

d A g u A = g ab (V a d d b u A - d c u A d T c ab ) + d g ab V a d b u A + F A (8.7) 
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with 

F A = g ab R CB A D d u c d a u B d b u D . (8.8) 
Hence, using the identities 4.23: 

d A g u A = g ab V a d d b u A + NrA g u A + F A + F A , (8.9) 

with 

F A ee 2d c u A (h a g c d a N + NV a k ac ) + 2Nh ab V a d b u A . (8.10) 
We have therefore, using Stokes formula, and d d b u = V b (Nu') 

[ d J lf i g = [ {-NV a u\VA g u+2NrJ 1 -d a Nu , .\/ a A g u+(F 1 +F 1 )A g u}fi g 

(8.11) 

On the other hand 

do Jo = g a %V a u'.V b u' + N(hf + ^g ab r)d a u' .d b u' 

where we have used the identity, h ab denoting the contravariant components 
of h ab computed with the metric g, 

d g ab = 2Nk ab = 2Nh ab + Ng ab r. 

The commutation relation 4.20 gives that: 

g ab doV a u.V b u' ee do V a u'. V V = V a Sb«'. V V + F , (8. 12) 

with 

Fo = R A B,cDu' D dou A d a u B V a u' c (8.13) 
Therefore, using the wave map equation 

—dou + NA g u + d a Nd a u + Ntu = 0. (8.14) 

we find that 

SbV u'.vV = V a [NA g u + d c Nd c u + Nru'j.Vu' + F (8.15) 
Therefore 

/ d JoLL g = [ (JVV a A stt .vV + 3Nt Jo + F + F }n g (8.16) 
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with 

F = [d a Nk g u + V a {d c Nd c u)].V a u' + Td a Nu'.V a u' + NhfV a u'.V b u' (8.17) 

We see that the third order terms in u disappear from the integral of 
d (J + Ji) which reduces to 

/ d (J . + Ji)n g = [ {3NrJ + 2NrJ 1 }fi g + Z 1 (8.18) 

JT, t JT, t 

Z x = f {(F 1 + F 1 )A g u + F + F } t j lg (8.19) 

dE<n 



with 

We have obtained 



dt 

which we write 



Nt(2J + J!) fi g + Z 1 (8.20) 

St 



dt 

with 



- 2tE (1) = r I NJ fi g + Z 2 + Z 1 



(8.21) 



Z 2 = r I (N -2)(2 J + Ji)n g . (8.22) 
J s t 

8.2 Second energy inequality. 

Since r is negative (and N positive) the equality 8.21 implies the inequality 

.777(1) 

— 2rE {l \t) < Z 1 + Z 2 . (8.23) 

dt 

We now estimate the various terms of Z\,Z 2 , called non linear terms 
because they are all homogeneous and cubic in h g b , N — 2, and the derivatives 
of TV and u. These estimates are essentially the same as the ones given in 
[CB-M1], due to the estimates of the previous section. We first write, using 
the estimate of \\N — 2||x,t»( 9 ) and the definition of ei : 



\Z 2 \ = \t f (N — 2)(2J + J x )n g \ < C x C a C E \r\ 3 (e + £l ) 4 . 



\.2A) 
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We now estimate the different terms of beginning with the terms Xi and 
X 2 coming from F : 



1X^ = 1 [ {(d a NA g u + d c NV a d c u).V a u'}fi g \ 
A proof analogous to the proof of the lemma 4.2 gives 

/ \VDu\ 2 gl x g < [ {\K g u\ 2 g - l -R{g)\Du\ 2 g }^. (8.25) 



The hamiltonian constraint 2.21 implies that 



R{g) = \uf + \Du\l + \h\ 2 g - \r 2 > -\r 2 (8.26) 
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therefore 



|V^||J<||A 9M ||J + ir 2 ||D M ||5 (8.27) 



Using the estimate 6.6 of DN gives then 

\X X \ <C £ ,A,a|r| 3 (e + ei) 4 (8.28) 
The remaining, X 2 , of the integral of F is estimated as follows 

\X 2 \ = | / (V a d c N)d c u)].V b u'fi g \ < (||V 2 iV|| L%) || \Du\ |U4 (g) ||W|| 5 
J s t 

(8.29) 

The estimates of 1 1 V 2 N\ {^(g) and || \Du\ given in [CB-M1], section 

10.2.2, for the estimate of Y 2 applies here, due to the lemma 5.1, and give 

\X 2 \ <C EiAif7 |T| 3 (£ + £l ) 4 . (8.30) 

The terms in 

X 3 = f F 1 A g un g = [ [2d c u(h a g c d a N + NV a k ac ) +2NhfV a d b u]A gU fi g 

(8-31) 

are analogous to terms found in [CB-M1] and can be estimated similarly, 
giving an inequality of the form 

\X 3 \ ^CE^lrfie + e,) 3 . (8.32) 
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The new terms, in our unpolarized case, are 

X 4 = I A.A 9 «^= / g ab R C B,ADdou c d a u B d b u D A gU A fx g (8.33) 

JZt JE t 

and 

X 5 = f F ol 2 g = [ R AB:CD u' D d u A d a u B V a u' c n g (8.34) 

JE t JE t 

We have here \Riemann(G)\ = 4, therefore, using d u = A/V and < A^ < 2, 
and the Holder inequality: 

\X 4 \ < 8 / \u'\ \Du\ 2 g \A g u\ gl jL g < 8|r|ei||«'|| L8(ff) || \Du\ 2 \\ L s {g) . (8.35) 

JE t 

and 

\X 5 \ < 8\\u'\\ 2 L 6 {g )\\ \Du\ g ||l6( s )|t|£i (8.36) 

The L 6 (g) norms can be estimated as follows. It results from the definitions 
that: 

II \Du\g WlH 9 ) = { [ e- AX \Du\ 6 ^}l < e"l Xm \\ \Du\ || 6 (8.37) 

JE t 

while, by the Sobolev embedding theorem 

II \Du\ || 6 < C a (\\Du\\ + || D\Du\ || (8.38) 

It holds that 

D\Du\ 2 DDu.Du 
D Du = ' = — , 8.39 
1 1 2\Du\ \Du\ y J 

hence 

\D\Du\ | < \DDu\ (8.40) 

and 

II \Du\ || 6 < C a {\\Du\\ + || DDu ||) (8.41) 
The inequalities of the lemma 5.1 and the lower bound of A m give then 

II \Du\ || L6(fl) <C CT C A |r|f(£ + £l )) (8.42) 

An analogous proof gives that 

\\u'\\ LHg) <e^ M \\u'\\ & (8.43) 
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and 

\\u'\\ 6 <C a (\\u'\\ + \\D\u'\ ||), (8.44) 

with 

\D\u\ | < \Du'\, \\Du'\\ = \\Du'\\ g (8.45) 
therefore, using again the lemma 5.1 

IKIU«G0 < C a e 1 s XM \r\(e + e 1 ) < C a C x \r\l(e + e,). (8.46) 

These estimates imply that 

\X 4 \ < CvCx^ie + exfex (8.47) 

and the same inequality for X5. We have proved the following theorem 

Theorem 8.1 The second energy satisfies an equality of the form 

dt 

with 



2rE {1 \t) < |r| 3 Bi. (8.48) 



\B 1 \<C (7 C x C E {e + e 1 ) i . 

9 Corrected first energy. 
9.1 Definition and lower bound. 

One defines as follows a corrected first energy where a is a constant, which 
we will choose positive: 



E a (t) = E(t) - arE c (t), E c (t) = I (u - u).u'fi g 

JT, t 



(9.1) 



where we have set: 



(u - u).u = 2(7 - 7)7 + \e^(uj - Cj)uj' (9.2) 
and denoted by / the mean value on (E t , a) of a scalar function / : 



St 
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An estimate of E a will involve second derivatives of u, it cannot alone gives 
a bound of the first energy E. 

The Cauchy Schwarz inequality on (E, g) and the relation between g and 
cr imply that: 

I / (7-7)7V ff l <ll7-7l| ff IIYL<e AM ||7-7ll HtU (9.3) 

JT, t 

Using the Poincare inequality and recalling that A a denotes the first positive 
eigen value of the laplacian A CT on functions with mean value zero gives the 
majoration (recall that || Df || = || Df \\ g if / is a scalar function): 

I / (7 - 7bV 9 l < e^K 1 ' 2 || D 1 || || i \\ g (9.4) 

an analogous procedure gives, with r y m and 7 M the lower and upper bounds 
of 7 : 




since 

|| Dcu (I < e 2lM || e- 2j Du || . 

Using the definition of the G— norm we see that the inequalities 9.4, 9.5 
imply: 

I / (u - u).u'n g \ < e XM k~^e 2{ ^^^ \\ Du \\\\ u \\ g (9.6) 
with (theorem 5.7) 

e A - < \t\- 1 {V2 + C a C E C x (e + e 1 )}. (9.7) 
Lemma 9.1 It holds that: 

1m ~ 7m < C a C E C x {e + £1}. 

Proof. We have: 

< 7m -7™ < 2 || 7-7 lk~ 
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The Sobolev imbedding theorem gives therefore that: 

7m ~7m < 2C * II 7-7 Ik 
hence, using again the Poincare inequality to estimate ||7 — 7||, 

7m - 7m < 2C CT {(A; 1 + 1) || D 1 || + || D 2 7 ||}. 
It results from the definitions of the G norm and of e that 

\\D-f\\ 2 <h\Du\\ 2 <e 2 . (9.8) 

On the other hand since 7 is a scalar function on a 2-manifold with constant 
scalar curvature —1, it holds that: 

||D 2 7|| 2 = ||A 7 || 2 + i||D7l| 2 (9.9) 
A 7 = A7- ^e~^\Duj\ 2 

||A 7 ||<||A 7 || + 1|| |e- 2 ^| 2 || (9.10) 

||A 7 || 2 < h\Au\\ 2 < ie 2A -||A^|| 2 < C x el (9.11) 



We have 



hence 



with 



2" " ~ 2 
and, using the lemma 5.1 

II \e~ 2 ~< Du\ 2 \\ < (I \Du\ 2 \ \ <C a C x {e 2 + ee 1 }. (9.12) 

hence: 

1 1^71 1 2 <C E C x C a (el + e 2 ) (9.13) 

Using the hypothesis we deduce from all these inequalities the announced 
result. ■ 

We deduce from this lemma and the elementary calculus formula: 

e 2(7M-7 m ) < I + 2 ( 7m - 7m ) e 2(7M"7 m ) 

that there exists an inequality of the form 

e 2(7M-7 m ) < ! + C EXu {e + £l ). (9.14) 
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We have proved that 

\r I (u — u).u ji g \ < V2A a 2 || Du HI) v! \\ g +A 1 (9.15) 

with 

\A 1 \<C EiXia e 2 (e + e 1 ). (9.16) 

Therefore: 

E a (t) > ^\\h\\ 2 g + Q aA (x ,x 1 )-C EiXia e 2 (e + e 1 ). (9.17) 

where || Du \\= x 1 , \\ u' \\ g — x , x = (x ,Xi) and Q a ,\ is the quadratic form 

1 _i 

Q a ,\(x) = -(ajg + ^i) - av2A ff 2 i ii. (9.18) 

The right hand side of the inequality 9.17 can be positive only if this quadratic 
form is positive, that is if: 

i 

a<^=. (9.19) 
There exists a number K > such that: 

Q a ,\( x ) > \K(xl + xl) (9.20) 
if the following quadratic form Q K is positive definite 

Q K (x) = (1 - 1T)(^ + xj) - 2av / 2A;^ a:i) (9.21) 
that is, under the condition 9.19 on a, 

< K < 1 - aV2kJ. (9.22) 
There will then exist a number < £ < K such that 

E a (t) > £E(t) (9.23) 

as soon as 

£ + (9.24) 
with (C aj E,x denotes the coefficient of this type in 9.17) 

K-£ ^aV2Ap (Q0 ^ 
V3 = < ^ • ( 9 -25) 
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9.2 Time derivative of the corrected first energy. 

We have (recall that terms involving the shift are exact divergences which 

dr 
dt 



integrate to zero, and we have set ^ = r 2 ): 



dE a dE m . , m dE c 

— : — = — arlZ with 7c =— h tE c , 

dt dt dt 

that is: 

TZ = I {d o u\(u-u)+u\d (u-u)-NTu'.(u-u)+Tu'.(u-u)}ii g (9.26) 

The mapping u satisfies the wave map equation: 

-d u' + V a (Nd a u) + tNu' = 0, (9.27) 

therefore, performing an integration by parts where we derivate u — u as if 
it were a section of E ' 1 we obtain that: 

/ (d u -Nru').(u-u)fi g = [ X7 a (Nd a u).(u-u)fi g (9.28) 
= f -Ng ab d a u.d b (u-u)fi g (9.29) 

JT, t 

where 

d b {u B - u B ) = d b {u B - u B ) + G B D d b u c {u D - u D ) (9.30) 
that is, due to the values of the coefficients G^ c (remark 2.2): 

db{l - 7) = ^(7 - 7) + ^e'^dhU^u - u), (9.31) 

db(u -Q) = d b (uj -co)- 2e- 4l [d b u(-f - 7) + d b -f(uj - u)] (9.32) 
hence, using the expression of the metric G : 

[ -Ng ab d a u.d b (u-u)fi g = - [ iV{|7J M |2-e- 4 VU^( 7 -7)}/i 9 

(9.33) 
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The non linear term can be estimated using previous results, namely (recall 
g ab fx g = a ab fi a ): 

| I Ne- A ~<g ab d a ujd b u(-i -^){i g \ < 2H7-7H || \e~ 2l Duj\ 2 \\. (9.34) 
It holds that 

||7-7||<A^||^7||, \\Di\\ 2 <e 2 (9.35) 
and, due to the definition of the norm in G and the lemma 5.1, 

II \e^Duj\ 2 \\ < 2|| \Du\ 2 \\ < C a C x (e + E!) 2 (9.36) 

On the other hand: 

d (u - u) A = d {u - u) A + G A D d u c {u - u) D . (9.37) 

A straightforward computation using the values of the coefficients Gq D gives 
that 

/ u'.do(u-u)n g = [ {iV| M '| 2 -iVe- 4 V 2 (7-7)K 

/ \l'v 9 - dfi [ 2e- 4 ^V s . (9.38) 
The non linear term can be estimated as before: 

/ iVe- 4 V 2 (7-7)/i 3 < 2e 2XM kJe\\ \u'\ 2 \ \ < C a C x e 2 (e + £ 1 ) (9.39) 

To bound the remaining terms we observe that for a scalar function / , 
since V a = —^X is a constant, it holds that 

dtf = ^d t [ fiM = ^r f {d f + v a d a f + lfa ab d t a ab }» a (9.40) 

with, for the considered metric a 

I a ab d t a abf i a = 0. (9.41) 

We write d t f under the form (recall that /' = N~ 1 dof) 

dtf = TT [ {V + (N- 2)f + u a d a f + hf- f)a ab d t a ab }^ (9.42) 
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with 



T 2 



- I 2f» = - I fn g + - (2 - e 2 V)/V CT (9.43) 

V cr JT, t Vcr JT. t V <y JT t 

We deduce from these equalities that 

-da [ 7V fl = "4-(/ 7X) 2 + T^ X ( 9 - 44 ) 

with: 

X = {[ [(2- e 2 V + iV-2) 7 ' + ^ a 7 + ^(7-7K^a a6 ]M{/ tVJ 

./£* A JT t 

(9.45) 

The equality 9.44 implies the inequality: 

-da [ iv g < ^rX. (9.46) 
JT t V a 

All the terms in X are non linear in the energies and can be estimated. 
Indeed: 

I / 7\l <vhi\\ g <e XM V a \\i\\ g (9.47) 

JT t 

while (theorems 5.7 and corollary 6.4) 

|2 - e 2 V + iV - 2| < C E CxC a (e + e{) 2 (9.48) 

and 

/ W\Va < V)\\i\\ < v)e- x ™\\y\\ g , (9.49) 

JT t 

Also 

HI < C E C a \r\{e + e ± ) (9.50) 

and 

11^711 = 11^711, <e (9.51) 
Using section 7.1 we find that: 

\<J ab d t <Jab\ ^C^CeItKe + E!). (9.52) 

The same type of inequalities applies to the scalar function d t u>, but we 
must now use also the identities 

e" 2 ^ / u'fi g = [ e-^u'e^-Vfig = [ {e" 2 V + (e 2 ^ - l)e^J}^ g 

JTt JTt J Y,t 
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e 2 ^ / e-^uj'fi g = ( e- 2 Ve 2 ^// g = / {e~ 2 V + (e^ 2 ^) - l) e - 2 V}// g 

</Et >/St >/St 

to obtain an inequality which bounds — d t uj / E e~ Al u' ji g with higher order 
terms in the energies, using the bound 

| e ±2( 7 -7)_ 1 | < 2 | 7 _^|e 2 lT-7l <C £ , A , CT (£ + £l ). (9.53) 
We have proved that 

TZ< I {-N\Du\ 2 + N\u'\ 2 + ru'.(u-u)}fi g + A 2 (9.54) 

with: 

|A 2 | <C £iAif7 ( £ + £l ) 3 . (9.55) 
Theorem 9.2 There exist numbers a > and A; > snc/i £/ia£ 

" krE a < \ T A\ (9.56) 



dt 
with 

\tA\ < |r|C BiAl<T (e + ei) 3 . (9.57) 
1. 7/A CT > | £/ie fresi choice is 

a = fc = 1 (9.58) 

A CT < |. T/ien ck and /c are such that: 

4 1 1 - 4a 

< a < — < -, < k < 1 r (9.59) 

8 + A- 1 "4' (l-2A-!a 2 )i 

A number a satisfying the conditions of the above theorem is also such 
i 

that < a < 

Proof, using 10.54 and the expression 4.8 of ^ we find that: 



dK 
dt 



<r [ {\h\ 2 + {l-2a)\u'\ 2 + 2a\Du\ 2 g ]-aTu'.(u-u)}fi g + \TA\ (9.60) 
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where 

A = aA 1 + A 2 . (9.61) 

with 

A 2 = I \(N -2)[\h\ 2 + (l-2a)\u'\ 2 + 2a\Du\ 2 g }^ g (9.62) 

We deduce from the corollary 6.4 (L°° estimate of N — 2) that A 2 satisfies 
the same type of estimate than Ai, hence: 

\tA\ < \r\C E C x C a (e + £i) 3 . (9.63) 

We look for a positive number k such that the difference — krE a can 
be estimated with higher order terms in the energies. We deduce from 9.60 
that: 

rIE k k 

- krE a < r{\\h\\ 2 + (1 - 2a - -)\\u'\\ g 2 + (2a - -)\\Du\\ 2 g (9.64) 

+a \r\(l-k)u'.(u-u)n g } + \TA\ (9.65) 



We have seen that: 



\t i u'.(u-u)fj, g \ < V2A a 1/2 \\u\\g\\Du\\ g + A u 



(9.66) 



Since r < 0, it will hold that 



dE 

- krE a < \tA\, A = A 1 + A 2 + A 3 . (9.67) 

if the quadratic form 

Q*,k{x) = (1 - 2a - ^)x 2 + (2a - ^)x\ - a(l - k)V2A~ 1/2 x x 1 (9.68) 

is non negative. 

The quadratic form Q a k is non negative if: 

k < 4a, and k < 2(1 - 2a) (9.69) 

and k is such that its discriminant is negative, that is: 

2a 2 A-\l - kf - A(2a - |)(1 - 2a - |) < (9.70) 
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The inequalities 9.69 imply 

k<l, (9.71) 

The inequality 9.70 reads 

(1 - 2A- 1 a 2 )k 2 - (1 - 2A~ 1 a 2 )2k - 2A; V + 8a(l - 2a) > (9.72) 

We have already supposed that 1 — 2A~ 1 a 2 > 0, the inequality above is 
therefore equivalent to: 

fc2 - 2fc + 1 -(T i W&) >0 < 973 > 

that is 

1 - 4a 

k < 1 i (9.74) 

(l-2A- 1 a 2 )5 

There will exist such a k > if 

1 - 4a . 

r < 1 9.75 

(l-2A; 1 a 2 )5 

Since a > this inequality reduces to: 

-2A; x a- 16a + 8 > 0. (9.76) 

i.e. 

a < ^— (9.77) 

8 + A- 1 v ; 

We remark that this inequality imposes the hypothesis first made on a, since 
elementary calculus shows that, for any A, it holds that: 

A^ 4 , 

v^-8 + A- 1 ' v ; 

the inequality being attained only for A = |. 
We distinguish two cases 

1. A CT > |. In this case it is possible to take a — |, k = 1 and obtain 
immediately 
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2. A„ < i. We have then: 



tEi < \tA\. (9.79) 



4 1 

< -. (9.80) 



8 + A- 1 " 4 

We choose a such that it satisfies the inequality 9.77, which implies in this 
case a < \, and then k > such that it satisfies 9.74. ■ 
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10 Corrected second energy. 

We define a corrected second energy by the formula 

E^(t) = EM(t) + arEW(t), E?\t) ee f A g u.u^ g (10.1) 

10.1 Lower bound. 

We have, according to previous notations, 

AgU.u = 2A 9 77 + ^e-^A g ujuj' + &i (10.2) 

with 

bl = e -^g ah {d a ud b uji - d al d b uu'). (10.3) 
hence, using the lemma 5.2: 

Si ee | / &!^| < |r|C BiA , CT (£ + £l ) 3 . (10.4) 

The Cauchy Schwarz inequality and the Poincare inequality (7' is a constant 
on S t and on a compact manifold J* S( A g ^jj, g = 0) give that: 

|/ A,777g = l/ A g7 (7'-7'KI ^e^A^HA^IUpyH (10.5) 
while 

|/ (A 9 cu)e- 4 V^| = I / A^(e- 4 V-^7)^| 
It holds that 

I \D(e^to') 1 1 = \\e-^(Du' - AD-yJ) \ | (10.6) 

< e-^dle-^Dco') 1 1 + 4| |e~ 2 V| | 4 | |£>7| | 4 (10.7) 

while 

||A s w|| s < e 2lM \\e-^<A g Lu\\ g (10.8) 
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Using the bound (lemma 9.1) of 7 M — 7 m and the inequalities on the L 4 
norms ||.||4 (lemma 5.1), we find an inequality of the form: 

| / (A^) e - 4 V / iJ|<e A -A; 1 / 2 || e - 2 ^|| 9 || e - 2 W)||+5 2 

where B 2 satisfies an inequality of the same type as B\. We have shown that 

| / A g u.u'ii g \ <e AM A; 1/2 | | A g u\ \ g \\Du'\\ + B 1 + B 2 . 

The estimates of the lemma 5.1 and the inequalities 

||A^|| g <||A^|| ff + || \Du\ 2 \\ g: ||^'||<||W|| + || \Du\ 2 \\j\\ \uf\\l 

(10.9) 

give 

e XM A- 1/2 \\A g u\\ g \\Du'\ \ < e XM A~ 1/2 \\A g u\\ 9 \\Vu'\\ + B 3 

with 

B 3 < \t\C e , x A£ + £i) 3 - (10.10) 
Using the estimate 6.23 of e AjVf |r| — \pl we have: 

| f A g u.u'fx g \ < V2\r\- 1 A- 1/2 \\A g u\\ g \\Vu'\\+B 1 + B 2 + B 3 + B 4 . (10.11) 

with 

B A = \e XM - v^lrl^lA^IIA^HsllVu'll < \r\C a (e + e 1 ) 3 

We deduce from these estimates, with Q a ^ the same quadratic form as in 
9.18 but with yi = |r| _1 ||A s u|| s , y = Ir^ 1 1 1 Vm'| |, that: 

r- 2 E^(t) > Q a Ayo,yi)-C E ^ x (e + e l ) 3 (10.12) 

Theorem 10.1 If a is chosen satisfying 9.19 there exists a number i] A > 
and L > such that 

E a + T~ 2 E^>L(e 2 + 8\) (10.13) 

as soon as 

£ + £i<V4- (10.14) 
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Proof. We have found that 

m = E a (t) + r- 2 E^{t) > Q aA (y,x) -(A + B) (10.15) 
where Q a ,A(x,y) is the quadratic form 

Qa,\( X i V) = Qa,\( X ) + QaAv)- (10.16) 

and A + B admits a bound of the form 

\A + B\ <C E ^ x {e 2 + e\)i. (10.17) 

We have 

Q aA (x, y) > K(e 2 + e\) = ^K(x 2 + x\ + y\ + yj) (10.18) 

if the quadratic form Q K defined in the section 9.1 is positive definite. The 
conditions on a and the corresponding limitation on K are the same as in 
the section 9.1, and the proof continues along the same line. ■ 

10.2 Decay of the second corrected energy. 

We have (recall ^ = r 2 ) : 

^ ee + arn^ n <X> ee ±E<» + tE^ 

dt dt dt c 

that is: 

K {1) = [ {doA g u.u + A g u.(d u - Nt.u' + ru')}fi g . (10.19) 

We have found in lemma 4.1 that 

d A g u A ee g ab V a d d b u A + Nt A g u A + F A + F A , (10.20) 

with 

PA = g-bR^A^Cg^Bg^D 

and 

F A ee 2d c u A {h a q c d a N + iVV a A; ac ) + 2NhfV a d b u A (10.21) 
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that is, using the equation 



(3) i^ = -iVV a A; ac = d u.d' 



F A = 2d c u A {h a g c d a N - d u.d c u) + 2NhfV a d b u A . (10.22) 
Partial integration gives, using also the identity d d b u = Vb<9 -u = Vf,(iW), 

[ (d A g u).u'fi g = [ {-N\Vu'\ 2 g -& l NV a u , .u , +NTA g u.u , +(F 1 +F 1 ).u , } f i g 

(10.23) 

On the other hand, if u satisfies the equation 

-dov! + V a (Nd a u) + rNu = (10.24) 

it holds that: 

/ A g u.0 o u'-TNu') f i g = [ {N\A g u\ 2 + d a Nd a u.A g u}fi g 

JT, t JT. t 

We have found that: 

K {1) = [ {-N\Du'\ 2 + N\A g u\ 2 + t(N +l)A g u.u'}fi g + 'R. (1) (10.25) 



with 



TZ {1) = [ {-d a NV a u'.u + (Fi + F 1 ).u' + d a Nd a u.A g u}n g . (10.26) 



'St 

Using the expression of we find that: 



d_EP 
dt 



= t {N{2-2a)J +N{2a+l)J 1 + {N+l)aTA g u.u']}fi g + Z 1 +aT'R il) 
Jut 



which implies: 

dt 



(2 + k)rE^ =r{ [ {(2N-2-k-2aN)J + (2aN + N-2-k)J 1 
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+ar(N + 1 - 2 - k)A g u.u'}fi g + Z x + ar% (1) (10.27) 
which we write: 



(i) 



(2 + k)rE^<r{[ {(2 - k - 4a) J + (4a - fc) J x 
+ar(l - A;)A 9 m.m'} / u 9 + Z 1 + ar^ (1) + Z 2 . (10.28) 



with 



Z 2 = r [ {(N - 2) (2 - 2a) J + (iV — 2)(2a + 1) J t + (N - 2)arA g u.u']}fi g . 

(10.29) 

We have found in section 8.2 that 

l^il < M 3 C£, AiCT (5 + £l ) 3 (10.30) 

It results immediately from the estimate of N—2, section 6.2, that Z 2 satisfies 
an inequality of the same type. 

Some terms of are bounded using the L°°(g) estimate 6.6 of DN, 
which gives that 

| f {-d a NV a u'.u' + d a Nd a u.A g u} l 2 g \ <r 2 C E ^ x e 2 e l (e + e 1 ). (10.31) 

The estimate of the remaining ones uses similar techniques as those of section 
9 and lead to an inequality of the form 

<t 2 CV, a ( £ + £i ) 4 . (10.32) 

Theorem 10.2 Under the conditions on a and k given in the theorem 9.2 
the following inequality holds: 

_ ( 2 + k)rE^ < \t\ 3 B (10.33) 

at 

with 



\B\ < C EXa {e + £l ) 



3 
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Proof. We have seen that (10.11) 

| / TA g u.u'fi g \ < >/2A^||A fl «|| fl \ \Vu'\\ g + Z 3 (10.34) 

with 

\Zz\ < ^CE^xie + e,) 3 . (10.35) 
Therefore we deduce from 10.28 and the definition of yo,yi that 

^ - (2 + k)TE^ < T *Q%(y) + | T |S S 

with 

B = Z ± + arlZ^ + Z 2 + \r\aZ 3 , \B\ < C E ^ x (e 2 + (10.36) 

and 

= (1 - \ ~ 2«)yo + (2a - |)y? + V2A~Jar(l - k) ym . (10.37) 

This quadratic form in y is non negative under the same conditions as 
the form Q a ,k{x)- The conclusion follows, since r < 0. ■ 

11 Decay of the total energy. 

We make the following a priori hypothesis, for all t > to for which the con- 
sidered quantities exist 

• Hypothesis H CT : 1. The t dependent numbers C a are uniformly 
bounded by a constant M. 

2. There exist A > such that A a > A. 

• We choose a such that 

a = T if A >^> « < o 4 a i < t if A < I- ( 1L1 ) 
4 8 8 + A- 1 ~ 4 ~ 8 v ; 
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• Hypotheses W E : The t dependent energies e 2 and e\ having been 
supposed bounded by a number we suppose, moreover that they 
satisfy the inequalities 5.25, 6.3, 9.25, 10.14. 

We have seen (theorem 5.7) that the hypothesis Ha is then satisfied. 

We denote by Mj any given positive number dependent on the bounds of 
these H's hypothesis but independent of t. 

We have defined ip{t) to be the total corrected energy namely: 

x/>(t) = E Q (t)+T- 2 EW 

We have seen (10.13) that ip(t) bounds the total energy <p(t) = e 2 + e\ by an 
inequality of the form: 

<f)(t) =e 2 + el <M i/>(t), M = L-\ (11.2) 



Lemma 11.1 Under the hypotheses H a and Ff E the function tp satisfies a 
differential inequality of the form 

d f t < -\{1> ~ M^' 2 ) (11.3) 

Proof. The inequalities 9.56 and 10.33 together with the choice r = — |, 
and the bound 10.13. ■ 

Theorem 11.2 Under the hypotheses H a and Ff E there exists a number k > 
such that the total energy E tot {t) = (pit) = e 2 + e\ satisfies an estimate of 
the form 

t k <j)(t) < M 2 (f)(t ) (11.4) 

if it is small enough initially. 

Proof. We suppose that ip = tp(to) satisfies 

i>o 2 < j^, for instance ^J /2 < (11.5) 

Then ip starts decreasing, continues to decrease as long as it exists, therefore 
(ip — Mi-?/> 3//2 ) > and the inequality 11.3 is equivalent to 

dz kdt 9 

+ -— < 0, with i\) = z 2 . 



z - Miz 2 2 t 
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This inequality gives by integration: 



equivalent ly 
and, a fortiori, 



z (1 - M lZo ) x 1 t 

logj r 1 1 + -/Clog — < 

2 (1 - Mi2o) u^it 



1 "' H^<1 (11-6) 

Hence, using 11.2, the decay estimate, with M 2 = 4£qM , 

t k (p(t) < M 2 o . (11.8) 



12 Teichmiiller parameters. 

Instead of considering as in [CB-M1], [CB-M2] the Dirichlet energy of the 
metric a we use directly the estimate 7.7 of dQ/dt which we now write, using 
11.8: 

l§l<a,^- (1+ ^(to) 1/2 (12.1) 

Therefore: 

Theorem 12.1 There exists M 3 such that 

|Q(t)-Q(to)|<M 3 0(t o ) 1/2 . (12.2) 

13 Global existence. 

Theorem 13.1 Let(a ,q ) G C°°(E ) and (u ,u ) G # 2 (£o, cr ) xH^q, cr ) 
be initial data for the Einstein equations with U(l) isometry group on the ini- 
tial manifold M = E x U(l) , with S compact, orientable and of genus 
greater than one, a chosen such that R(ao) = — 1. Suppose the initial inte- 
gral condition 2.1 ( with n — 0) satisfied. Then there exists a number r) > 
such that if 

0(t„) = E tot (t ) < 77o (13.1) 
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these Einstein equations have a solution on M x [£ ,oo), with initial values 
determined by ao,qo,Uo,Uo. The parameter t is t = — r _1 , with r the mean 
extrinsic curvature o/£ x {t} in the lorentzian metric on £ x [t ,oo). 

This solution is unique 13 up to the choice of a section of Tecichmuller 
space and a gauge choice for A. 

Proof. We first prove that E tot (t) is uniformly bounded, and decays to 
zero (without a priori hypothesis). We have obtained in the previous sections, 
under the hypotheses B. E and H CT , the following result: there are numbers Mj 
depending only on ce and c CT such that 

t k E tot {t) < M 2 E tot (t ) (13.2) 

and 

|Q(t)-Q(to)|<M 3 0(t o ) 1/2 . (13.3) 
Now consider the pair of t dependent numbers 

mu(t)), at) = \Q(t) - Q(t )\ 

The inequalities 13.3, 13.4 show that the hypothesis (where ce satisfies H^,) 

<Pit) < C E , ((t) < C a 

imply that there exists i] > such that 0(to) < Vo implies that the pair 
belongs to the subset U\ C R 2 defined by the inequalities: 

U X = { 4>{t) < C E , ((t) < C a }. 

Therefore for such an r] the pair belongs either to t/i or to the subset U 2 
defined by 

U 2 = { 4>{t) > c E or ((t) > c a } 

These subsets are disjoint. We have supposed that for t — to it holds that 
(0(to), C(^o)) ^ U\ hence, by continuity in t, ( <fi{t), ({t)) G U\ for all t. 

We have now proved that the total energy is uniformly bounded, and o t 
uniformly equivalent to a - 

To complete the proof of existence of the spacetime for t e [to,oo) we 
need the following lemma. 

13 Thc global uniqueness theorem of CB-Geroch says that it is geometrically unique in 
the class of globally hyperbolic spacetimes. 
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Lemma. The H 2 norm of the pair of scalar functions (7, u>) is uniformly 
bounded, as well of the Hi norm of (<9t7, d t ou). 

Proof of lemma. We have already proven in section 9 the uniform 
bound of H-D7II and ||Z) 2 7|| in terms of the total energy On the other hand 



it holds that 



7 - 7o = / d tl dt (13.4) 

hence 

117 



- Toll < / \\da\\dt (13.5) 

J to 

Using previous estimates, the fall off of the energy and the property 

\\d tl \\ <e- x -\\d tl \\ g (13.6) 
we find that there exists a number M such that 

||7-7oll < M [ r (1+fc) rft, (13.7) 

J to 

which completes the proof of the uniform bound of ||7||if 2 , hence also of 7 in 
C°. 

When 7 M is uniformly bounded one can bound ||-Du;|| < e 2lM \\e~ 21 Dui\\ 
with the first energy and ||D 2 cj|| with the total energy, in a manner analo- 
gous as the one used for ||£) 2 7||. We just recalled the estimate of ||cVy||, the 
estimate of ||9 t u;|| is similar, when 7 has been bounded. It is also easy to 
bound \ \Dd t uj\ \ and ||D^7||. ■ 

Corollary 13.2 1. This solution is globally hyperbolic, future timelike and 
null complete. 

2. It is asymptotic to a flat solution: 

Wg = -4dt 2 + 2t 2 <T 0O + e 2 0O (13.8) 

with (Too a metric on £ independent oft and of scalar curvature —1, and ^ 
a 1-form onT, x S 1 of the type 

6 O0 = C(dx 3 + H), (13.9) 

where C is a constant and H is a harmonic 1-form on /S,o" )- 
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Proof. 1. The orthogonal trajectories to the space sections M x {t} have 
an infinite proper length since the lapse N is bounded below by a strictly 
positive number. It can be checked that the conditions given in C.B and 
Cotsakis for global hyperbolicity, and for future and null completeness are 
satisfied by (E x g ), 

2. The theorem 5.7 and the decay of e + S\ show that A tends to 2t 2 in 
C° norm when t tends to infinity. 

The decay estimate of ^ show that Q tends to a point Qoo in T e j C ^ when 
t tends to infinity, a tends to a(Q 00 ). 

The lapse and shift estimates 6.2 and 7.9, 7.11 show that iV tends to 2 
and v tends to zero in C° norm when t tends to infinity. 

The integral formula for 7 shows that j(t, .) — 7o(-) tends to a function 
on E, 7oo(.), in L 2 norm when t tends to infinity, hence 7 tends to 7 M = 
7o + 7oo i n this norm, therefore a fortiori j(t, .) tends to 7 00 (.) in the sense 
of distributions on E. We know on the other hand that H-D7H tends to zero, 
hence Dj tends to zero in the sense of distributions. Since derivation in 
this sense is a continuous operator it holds that = 0, therefore 7 M is a 
constant. 

An analogous reasonning holds for uj. The value of oj^ does not appear 
in the expression of F. 

The estimates of section 2.2 of A and A t (in Coulomb gauge) show that 
they both tend to zero in C° norm on E. The differential formula giving the 
Ci(t) shows then that the 1 form A tends in C° norm to the harmonic form 
on E, Hoo = Q i00 if(j)The spacetime metric is asymptotic to the metric 

which takes the indicated form by rescaling of t. ■ 
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